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A novel sequential approach for solving dynamic optimization problems containing path
constraints on state variables is presented and its performance analyzed. As in the simulta-
neous approach, we discretize both state and control variables using collocation on finite
elements, so that path constraints can be guaranteed inside each element. The state variables
are solved in a manner similar to that in the sequential approach; this eliminates the
discretized differential-algebraic equations and state variables, so that the problem is reduced
to a smaller problem only with inequality constraints and control variables. Therefore, it
possesses advantages of both the simultaneous and the sequential approach. Furthermore, the
elimination of the equality constraints substantially simplifies the line search problem and thus
larger steps can be taken by successive quadratic programming (SQP) toward the optimum.
We call this dynamic optimization method a quasi-sequential approach. We compare this new
approach with the simultaneous approach in terms of computational cost and by analyzing the
solution path. A highly nonlinear reactor control and the optimal operation of a heat-
integrated column system are used to demonstrate the effectiveness of this approach. As a
result, it can be concluded that this quasi-sequential approach is well suited for solving highly
nonlinear large-scale optimal control problems. © 2005 American Institute of Chemical Engineers
AIChE J, 52: 255-268, 2006
Keywords: dynamic optimization, quasi-sequential approach, nonlinear programming,
collocation

Introduction

The past decade has been marked by increasingly wide-
spread applications of large-scale dynamic optimization in
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process industries. Typical examples include finding an opti-
mal trajectory to perform state transition tasks (such as start-up
and shutdown, product and feed switchover, and batch process-
ing) and to implement a nonlinear model predictive control.
These tasks require the solution of a dynamic optimization
problem based on a nonlinear process model. Thus the devel-
opment of numerical approaches to dynamic optimization
problems has made impressive progress.' Efficient approaches
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have been developed for solving large-scale problems modeled
with differential-algebraic equations (DAEs). Sequential ap-
proaches were proposed and found wide applications in the
1990s.># In recent years, the increased interest in dynamic
optimization has also concentrated on simultaneous approach-
es.>% For practical applications, one needs to trade off the
computational advantages of both approaches to solve a spe-
cific problem. Often, this choice is problem dependent.

In this article, we present and analyze a hybrid approach that
is suitable for solving large-scale dynamic optimization prob-
lems with state path constraints; this combines advantages of
both the simultaneous and sequential strategies. In this ap-
proach, both the states and the controls are discretized with
collocation on finite elements, so that path constraints remain
feasible inside each element. On the other hand, a simulation
step is used to eliminate equality constraints and state vari-
ables, so that it is reduced to a small problem only with
inequality constraints and control variables. Therefore, it pos-
sesses the advantages of both the simultaneous and the sequen-
tial approach. Because this approach requires solution of the
model equations at each iterate, we call it a quasi-sequential
approach. Although this approach has been proposed and used
for dynamic optimization of distillation processes,’!! a detailed
analysis of this approach has not been made until now. Herein,
we derive the approach from a simultaneous perspective and
analyze its performance. We then compare this approach with
the simultaneous approach in terms of computational cost. The
comparison between the two approaches is also made by ana-
lyzing the solution paths.

Because of the elimination of the equality constraints, this
quasi-sequential approach is well suited for solving large-scale
optimization problems. Moreover, the elimination of the equal-
ities appreciably relieves the difficulty of the line search. In
other words, this approach is very suitable for solving highly
nonlinear optimization problems in which the magnitude of
equality constraints varies significantly during the course of
solution. On the other hand, solution of the model equations
does require more computational effort. Therefore this ap-
proach will be more efficient when the constraints are relatively
easy to converge with Newton’s method. In particular, we have
found that the quasi-sequential approach is appropriate for
optimal control problems where an operating point is to be
maintained and disturbances need to be rejected. As the effort
to converge the equality constraints increases, the advantage of
the quasi-sequential approach will disappear.

In the second section we describe the major contributions
leading to the recent development of dynamic optimization
approaches. The third section introduces the quasi-sequential
approach and presents a comparison of the quasi-sequential and
the simultaneous approaches. The quasi-sequential approach
on two process optimization problems is then considered. Fi-
nally, a set of conclusions and future research perspectives are
outlined.

Approaches for Dynamic Optimization

The constrained dynamic optimization problem of interest in
this article can be stated as follows

min ¢(z, u) (1)

x,u
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st. F(Z,z,u,1)=0 )
Zmin = 2(1) = Zax 3)
Umin = U(0) = Upngy “4)
2(0) = zo ®)

In this formulation, z(7) are state (dependent) variables and u(t)
are control (independent) variables. Equation 2 defines a gen-
eral system of DAEs; Eqs. 3 and 4 the path constraints on the
state variables and control variables, respectively; and Eq. 5 the
initial condition of the state variables. Note that any inequality
constraint functions have been reformulated through the addi-
tion of slack variables with lower bounds of zero, which are
now added to the state variable vector. Correspondingly, the
reformulated inequality constraint functions are added to the
system of DAEs.

There is extensive literature— grouped into two general
classes—on approaches to such DAE optimization problems:
indirect and direct approaches (see van Schijndel and Pistiko-
poulos'?). The indirect approaches (or variational approaches)
focus on obtaining a solution to the necessary conditions of
optimality that take the form of a two-point boundary value
problem. In the direct approach the infinite-dimensional dy-
namic problem is transformed into a finite-dimensional nonlin-
ear programming (NLP) problem. Because of their easy-to-
handle properties direct approaches have gained wide
application. The direct approaches recently developed can be
further categorized into two solution approaches: the sequential
and the simultaneous approach. We analyze these approaches
in more detail as follows.

The sequential approach

The sequential approach decomposes the whole system into
the control and state spaces. Only the control variables are
discretized and remain as degrees of freedom in the NLP
solver. Thus this technique is also known as a control param-
eterization approach.'® Given the initial conditions and a set of
control parameters, the process model requires a solution with
a DAE solver at each NLP iteration. This solution eliminates
the DAEs and provides the value of the objective function,
which is used by the NLP solver to find optimal coefficient
values in the next iterate. So the number of optimization
variables for the NLP solver is reduced dramatically. In this
formulation, the control variables are represented as piecewise
polynomials or piecewise constant functions®# and optimiza-
tion is performed with respect to the polynomial coefficients.
The gradients of the objective function with respect to the
control variables are calculated from sensitivity equations of
the DAE system.!'* The sequential approach follows a feasible
path, that is, at each NLP iterate the DAE system is solved. The
main disadvantage of the sequential approach is that difficulties
will arise when there are path constraints on the state variables
because the state variables are not directly included in the NLP
solver. In addition, the solution step might be too expensive to
converge or even fail at an intermediate trial point, particularly
while integrating an unstable system.!>

A method for solving dynamic optimization problems that
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Figure 1. Radau collocation on finite elements (NC = 3).

contain path constraints on the state variables was studied by
Feehery.!¢ The idea is to use an algorithm for constrained
dynamic simulation so that any admissible combination of the
control parameters produces an initial value problem (IVP) that
is feasible with respect to the path constraints. It results in a
hybrid discrete/continuous dynamic optimization problem in
which the differential index may fluctuate along the solution
trajectory. Meanwhile, it leads to a high-index DAE system and
their related sensitivities. The method of dummy derivatives
can be used to solve the high-index DAE system and their
sensitivities. However, this approach may require solution of
second-order sensitivity equations for some problems.!”

We also mention the related multiple-shooting approach,
which offers additional flexibility over the sequential approach.
It serves as a bridge between sequential approaches and simul-
taneous approaches that are based on a complete discretization
of the state and control variables. Here the time domain is
partitioned into smaller time elements and a DAE solver to the
process model is applied in each element.!3:!° Control variables
are treated in the same manner as in the sequential approach.
Moreover, to obtain gradient information, sensitivities are ob-
tained for both the control variables as well as the initial
conditions of the states in each element. Finally, equality
constraints are added to the nonlinear program to link the
elements and ensure that the states are continuous across each
element. With this approach, inequality constraints for states
and controls can be imposed directly at the grid points. For
piecewise constant or linear controls this approximation is
accurate enough, although path constraints for the states may
be difficult to satisfy between elements.

The simultaneous approach

In the simultaneous approach the dynamic system is com-
pletely discretized and both the state and the control variables
on the discrete time points are included in the optimization
problem. This leads to a large-scale NLP problem,>¢2° but the
DAE system is solved only once at the optimal point. Therefore
intermediate solutions that may not exist or require excessive
computational effort can be avoided. Moreover, simultaneous
approaches have advantages for problems with unstable
modes.®

With the simultaneous approach, the time period (from ¢, to
ty) is divided into the intervals shown in Figure 1 and the DAE
optimization problem expressed in Eqgs. 1-5 is converted into
an NLP problem by approximating state profiles with colloca-
tion on finite elements (time intervals). Orthogonal collocation
applies a polynomial approximation to the differential equa-
tions and requires satisfaction of the equations at the discrete
collocation points. The polynomial solution is thus a continu-
ous function of ¢ that is often as accurate as a finite-difference
solution using many more points.2! In this report, the control
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variables are represented, for ease of presentation, as piecewise
constants in each element.

In Figure 1, NC is the number of collocation points in one
element and NL is the number of elements in the time period,
respectively; z denotes the discretized state variables; and u the
control variables. The state variables will be represented here
as a linear combination of a set of orthogonal polynomials,
using a Lagrange polynomial basis

Ne ye [neo
Ci
z1) = Z () ze; = E ] N R
=0 =0 ’1:#? €,j 0
t=1,...,NL,i=1,...,NC (6)

With this representation the state variables and differential
terms in Eq. 2 on the collocation points of a time interval will
be

NC
z(te) = E Cte)ze; = 24,

Jj=0

i=1,NC (7)

§ dej(t{’,i)
dt

j=0

dzty)
dt

i=1,NC (8)

2e.j

For the continuity of the state variables between two inter-
vals, the last collocation point of an element is used as the
initial point for the next element rather than an extrapolation of
the polynomials. This Radau collocation improves the conver-
gence of the computation because on the collocation points the
model equations are satisfied.® For a clearer presentation, let z
and u denote the components of the discretized state and
control variables, with z an m-vector and u an (n — m)-vector.
Thus, the dynamic problem has n variables and m constraints
(note that the number of equality constraints is equal to the
number of state variables).

Substituting Eqs. 6—8 into Egs. 1-5 leads to the following
NLP problem

min f{x)
XENRN

st. ¢(x)=0

Xy=X =X

)
where x” = (z'u") and c(x) represent, respectively, the vector of
all discretized variables (both controls and states) and equali-
ties in Bgs. 6-8. We note that x € ", f: N" — N, and c:
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N" — N are smooth functions. For ease of derivation we
consider double-bounded inequalities on x, without loss of
generality. Problem 9 can be solved with a number of methods,
although it may be nonconvex and thus contains local solu-
tions. We choose to apply local NLP solvers, although recent
work related to the determination of globally optimal solu-
tions?223> may be considered. We note that, although such
algorithms provide a guarantee of finding global solutions, they
can be significantly more expensive than local solvers.

In particular, we consider the solution of Eq. 9 with two
approaches: an active set successive quadratic programming
(SQP) strategy and a barrier SQP strategy. The simultaneous
strategy causes the NLP to grow with the size of the DAE
system, and solution of such a large NLP problem requires
efficient techniques and careful initialization of the optimiza-
tion variables. Here the reduced-Hessian successive quadratic
programming method (rSQP) is efficient for solving DAE
optimization problems by decoupling the search direction into
range and null spaces and solving a smaller quadratic program-
ming (QP) subproblem at each iterate, especially when the
dimension of state variables is much larger than that of control
variables. We consider two forms of this method next.

Active set SQP

At each iteration k, a search direction d, is obtained by
solving a QP subproblem:

1

2 dﬁW(xk)dk

min g(x,)’d, +
den

s.t. c(x) +A(x)'d, =0

Xy=x,+dy=x, (10)

where g(x) denotes the gradient of f(x); W denotes the Hessian
(with respect to x) of the Lagrangian function L = f(x) +
¢\ + (vy — v,)"x; and A(x) stands for the n X m matrix of
constraint gradients. Here A, v, and v, are Lagrangian multi-
pliers corresponding to the equalities and inequalities, repec-
tively. To solve problem 10 the variables are partitioned into m
dependent and n — m independent variables. The partition of A
takes the form

Ai=[C. NJ an

where the m X m basis matrix C; is nonsingular. By defining
the null and range space basis matrices

1
ko= o] (12)

the search direction can be written as

—C.'N,
o= |: I ]

d, = Ridp + deQ (13)

Note that the matrix Q, satisfies A7Q, = 0 and is therefore
a null-space basis matrix for A7. The range-space direction d,
is now determined by solving
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dyp=—C{'c, (14)

and the null-space direction d,, is obtained from the following
reduced QP subproblem

1
min (Q/ng + Q[WkdeR)TdQ + 2 dé(Q[Wka)dQ

doENn—m

St xy=x+ Rdg + Qydp = x;, (15)

where we have omitted constant terms involving dg. Assuming
that Q7 W,Q, is positive definite, the solution of Eq. 15 is then

dQ = 7(Q1{Wka)7l[Q1{gk +w + Q[(VU,k - VL,k)] (16)

where vy, and v, ; are the multipliers corresponding to the
inequalities in Eq. 15 and w, = QFW,R,dx. This determines
the search direction for the NLP solver. It is practical to
approximate the reduced Hessian Q7 W, Q, by a positive defi-
nite quasi-Newton matrix B, [that is, (n — m) X (n — m)
matrix] that can be updated by the BFGS algorithm. Approx-
imating the cross term w,, can be done in three ways:

(1) Often w, = 0 and this corresponds to a classical reduced
space approach with a two-step superlinear convergence.

(2) Biegler et al.?* describe a method that updates a quasi-
Newton approximation, S, = Q; W,, and defines w;, = S.R.dx.

(3) A method to update w, through finite differences of Q”g
was also proposed. The detailed algorithm can be found in
Biegler et al.>*

Barrier SQP method

Solution of the QP problem 15 and the combinatorial com-
plexity of finding the active set may be expensive. Instead, we
now replace the inequalities by a logarithmic barrier term that
is added to the objective function to give

min ¢,(x) = flx) — p D In[x® — x, ] + >, In[xy — x7]

Hn . .
xEN i=1 i=1

(17)
st. c(x)=0 (18)

with the barrier parameter u > 0. Here, x® denotes the ith
component of the vector x. In the primal-dual approach, mul-
tiplier estimates, v, and v, are introduced and the optimality
conditions for Eqs. 17 and 18 are written in the following form

Vi(x) + A(X)X — v+ vy =0 (19)
X —=X)V,—pe=0 (20)
Xy —=X)Vy—pe=0 (21)

c(x)=0 (22)
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where A(x) = Ve(x); A is the vector of Lagrange multipliers for
the equality constraints (Eq. 18); ¢ = [1,.. ., 11%; and X and V
are diagonal matrices with x and v on their diagonals, respec-
tively. Newton’s method may be used to solve this system of
nonlinear Eqgs. 19-22. Then the search direction (d%, dy, dy*-,
dyY) at an iterate (x,, A, V1> Yy 18 obtained as a solution of
the linearization of Eqgs. 19-22, that is

W, A, —I I d;
Al 0 0 0 d
Vie 0 X—X, 0 di-
Vux O 0 Xy —X|| &Y

Vﬂxk) + AN = vt v
C
X — X,) Vee — pe (23)

Xy — Xo) Vuxk — K€

where W, = V2.L(x;, Ay, V14 Vy)- Eliminating d}* and d;
leads to the following system:

We+2 A d; v
[ kA[ k Ok]()\k +de> :_< (Pﬁk(m> 24

with 3, = X, — X~ Vi + X — X)) 7'V, and di* = (X,
= X)) e — Vidi) — v, and ¥ = Xy = X) (e —
Vuaidy) — vy, as the search directions for the multiplier esti-
mates.

Obtaining dy, from Eq. 24 is equivalent to solving the fol-
lowing quadratic problem:

1
min Vo(x,)'d" + 5 (@) (W + 3)d" (25)

den
st clx) +A(x)™d=0 (26)

if the matrix W, + 3, is positive definite in the null space of
AJ. The problem described by Eqs. 25 and 26 is similar to the
QP problem 10 and the overall primal step can be partitioned
into a range and a null space, using Eq. 13. However, now the
reduced space QP is unconstrained and its solution can directly
be computed as

dQ = _[QZ‘(W/( + zk)Qk]il[QZV‘PM(xk) + Wk] =
_[Bk + Q/{Eka]il[QZV‘PM(xk) + Wk] 27

with
Wi = QZ(Wk + 2k) Ridy (28)

To summarize, the simultaneous approach in terms of rSQP
uses a decomposition of the discretized DAEs and the solution
of the NLP problem is performed in the reduced space of the
independent variables. It is thus well suited for large-scale
problems with relatively few degrees of freedom. In addition,
it introduces the primal—dual interior-point method to solve the
inequality constrained optimization problems. When a large
number of bounds are active, the barrier method is more
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efficient than the active-set methods because it eliminates the
combinatorial problem of selecting an active set.®

The Quasi-Sequential Approach

The quasi-sequential approach presented here is based on a
complete discretization of the state and control variables with
collocation on finite elements such as the simultaneous ap-
proach, and it eliminates the state variables and the DAEs in
the same manner as in the sequential approach. Only the
control variables and the inequalities will be handled in the
NLP solver. By using the collocation method, the differential
equations of the DAE system are converted to a set of algebraic
equations. The DAE model is solved successively in each
element at each NLP iterate, and the sensitivities of the state
variables with respect to control variables are computed in
parallel with the DAE solution. Thus this approach possesses
the advantage of the sequential approach. On the other hand,
both equality and inequality constraints are imposed at the
collocation points in the NLP solver, so path constraints for
state variables will be satisfied at every collocation point.
Therefore, this quasi-sequential approach overcomes the diffi-
culty in the sequential approach of satisfying state path con-
straints more frequently. A number of previous studies have
also considered collocation along with the quasi-sequential
optimization approach.2252¢ Also, a similar approach was
developed by Pytlak?? using various implicit Runge—Kutta
discretizations. In this study, we demonstrate a strong link with
the simultaneous approach along with a detailed treatment of
the NLP and decomposition steps of both approaches.

The quasi-sequential approach uses a two-layer strategy.
Only the control variables and inequalities constraints are in-
cluded in the optimization layer, whereas the state variables are
solved through solution of the model Eq. 18 in the simulation
layer. Again we define the partition in Eq. 11 by

A(x)"=[C(x) | N(x)] = [V.c" | V,e'] (29)

At iteration k in the optimization layer, the Newton algorithm
is usually used to solve c(z, u;) = O for z. The model equations
are linearized through the Taylor expansion and Newton steps
are generated by

dc\ !
Azy = _<(97Z> (e ) = _Cil(zkk’ u)c(Zy ) (30)

Through 7z, = z + Az (Where kk denotes the Newton
iteration), we update the values of the state variables and
expect to converge to the solution z% that satisfies c(z%, u;) =
0, where we define z(;) = z%. After the solution of model
equations, the problem is now reduced to the form

min [ z(u), u]

uERn—m
st. zyp=z(u) =z
Uy=u=u; 31

This problem consists only of control variables as well as the
inequality constraints that are enforced at each collocation
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point. We use a standard SQP solver to solve the reduced
optimization problem 31. The following QP subproblem will
be solved at each iteration k:

T
1 -
min (;) Ay, + 3 Aul W, Auy

du€Rn—m k

T

dz
S.t. Zu = Z(uk) + E Auk = 2L

k

uy=u, + Au,=u, (32)

where dfldu is the reduced gradient of f[x(u), u] and W denotes
the reduced Hessian of the Lagrangian function. Linearization
at a feasible point, C(z%, u)dz + N(z%, u)du = 0, leads to
(dzldu)” = —C™'N. Moreover, the reduced gradient and re-
duced Hessian can be computed from

daf dz T T
E C(X)ZO— Vuf‘f‘ﬁvzf— Qg— Q VL(X, /\, V)
B dL(x, A, v) 33)
du c(x)=0
and
B d [dL(x, A, v) , a1’
W_du[du:| =Q0'WQ + El: |:st VL(x, A, v)
(34)

where Q” is the ith column of Q. Substituting this information
into Eq. 32 and noting that the last term in Eq. 34 vanishes at
the optimum, we have the QP

1
min (Q,{gk)TAu + 2 A“T(Q/{Wka)AM

Auedfn—m

st. xp=x, + QAu=x, (35)

As in Eq. 15 the reduced Hessian can be constructed by a
BFGS update based on changes in the reduced gradient O} g, at
successive iterations. The inequality constrained problem 31
can be solved with a standard NLP solver that forms the QP Eq.
35.28 Note that Eq. 35 can also be derived from Eq. 15 by
setting d = 0 and w, = 0. It is interesting to note the
difference in approximation of the Hessian between the two
approaches. The quasi-sequential uses the form of Eq. 34,
which is the second-order “total” differential of the Lagrang-
ian. This will be updated by BFGS. So in fact the quadratic
term in Eq. 35 should be W for an exact computation of
dQ/du. On the other hand, as indicated in Eq. 15, the simul-
taneous approach uses Q" WQ as the Hessian that is the second-
order “partial” differential of the Lagrangian. Compared with
Eq. 35, however, there is a linear term in Eq. 15 that is not in
Eq. 35. The linear term is needed to give one-step superlinear
convergence. Without it, the convergence rate is two-step and
there are a few examples in the literature that illustrate the
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two-step behavior.2%3% Interestingly, the quasi-sequential ap-
proach does not have this problem and the convergence rate
should be one-step superlinear.

Because the equality constraints remain converged in this
NLP algorithm, one can claim the following algorithmic ad-
vantages over the rSQP method:

® The correction term w, need not be calculated.

® The line search does not need to consider the infeasibility
of the equality constraints. As we shall see below, the influence
of infeasibilities, especially on poorly scaled nonlinear con-
straints, can lead to very small step sizes in the line search. An
example of this is the Maratos effect.3*

® Quasi-Newton updates are constructed only at feasible

points and therefore are likely to use better curvature informa-
tion in the construction of the reduced Hessian and therefore
require fewer SQP iterations.
On the other hand, repeated convergence of the equality con-
straints leads to more computational effort than with rSQP and
the quasi-sequential method fails if convergence cannot be
achieved at intermediate points.

Sensitivity computation

To calculate C™'N, we use an elemental decomposition.
Because the DAEs are solved successively from element to
element at each NLP iterate, the sensitivities of the state
variables with respect to control variables can be computed in
parallel with the DAE solution. Here we consider the sensitiv-
ities of state variables with respect to their initial values in one
element. Consider the discretized DAE system in the kth iter-
ation of NLP and in the €th element, the model equations at the
collocation points can be described as

C((ZIZ?.O’ Zlé’ l/tl;) =0 = l, NL (36)

where z§ , is the initial value of z§ of the element. Through the
first-order Taylor expansion of Eq. 36 we obtain

V. CiAzo+ V.ciAze + V,ctAu, = 0 37
or
CoplAzeo+ ClAze+ NeAuy, =0

From Eq. 37 we can determine the sensitivities of the state
variables with respect to control variables and initial states,
respectively

dz

dui - _VZ_(TCfT' Vwcf = _CZ1N€ (38)
de _ —
Heo - _VZtTC[' : V:e,ocz = _C€ leO (39)

Taking the last collocation point of element € as the initial
point of € + 1, we have z¥, 1o = Dz%. Here D is the mapping
matrix from z§ to z§, | o. Then the constraint gradients of the
discretized equations can be written as
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C1 0
_D C20

R

c 0
_D C30

5 el

AT ¢ 0

=D Cy

5 el

Note that the C matrix in Eq. 40 has a block diagonal form.
By premultiplying each row of A” by the inverse of C;, we can
develop a forward Gaussian elimination that allows us to
calculate C~'c, C~7¢¢, and C~'N. Here we use the subroutine
DLINRG of IMSL MATH?3! to obtain LU factorizations of C,.
For instance, at iteration k, C~'N is a lower triangular matrix
with the following form

—C'N
K .
! z,, interval 1
82,1 A3
= - ¢, interval €
S S¢
. S, . . .
. " Zyi, interval NL
Snei Snp2 ottt SNLe SNL
U 2% Unp,
interval 1 interval € interval NL

(41)

Using Eqs. 38—40 we see that s, = (dz5/dut)" = —C,'N, and
dzi\T
- (2)

J

—Cfléi(_cf—lléi—l)’ : '(_CjilNJ')

dzi \'(dzi \"  (dg
dZ{{),i71 o duf

(i

i,j=1,NL i>j

)T

where C,= C;,D. Because of enforcing state profile continuity,
that is, the last collocation point of state variables is used as the
starting point of the next element, the sensitivities can be
transferred, using the chain rule, from element to element, and
the sensitivity matrix C~'N is easily calculated. The algorithm
of the quasi-sequential approach can be described as follows:

(1) Given a fixed number of elements, discretize the control
variables with piecewise constant, and state variables with the
collocation method.

(2) Provide an initial (guessed) value of control variables,
uy, and bounds for all variables.

(3) Solve equality constraints (model equations) from Eq.
18.

(4) Evaluate the sensitivities with Eq. 41.

(5) Evaluate f(uy), Vf(u,) with Eq. 33.
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=[C[N] (40)

Cu 07
-D Cf'

(6) Call the NLP solver to solve the QP Eq. 35 and receive
the search direction Au,.

(7) If the convergence tolerance is satisfied, STOP; other-
wise, go back to step (3).

It can be seen that the implementation of this approach is
straightforward. As with the sequential approach, one needs a
standard NLP solver for the solution of model equations, and
an algorithm for sensitivity computation. It should be noted
that this sensitivity computation is not appropriate for unstable
systems. To handle dynamic instabilities, a permutation of the
columns in Eq. 40 is required to find a well-conditioned basis
matrix C. This approach is developed in Cervantes et al.°

We now consider some conceptual differences with this
quasi-sequential approach and the simultaneous approach.

Comparison of Solution Paths

In this subsection we analyze the difference between the
simultaneous and the quasi-sequential approaches, and provide
an example with a graphical interpretation. Both the quasi-
sequential and simultaneous approaches have similarly sized
subproblems that are derived from similar information. Be-
cause both methods are Newton-like, one would expect them to
require about the same number of iterations as long as full steps
are taken in the line search. In fact, we will see that the line
search is a distinguishing feature between the quasi-sequential
and simultaneous methods for the following reasons.

First, for the quasi-sequential method, the line search is
evaluated only at feasible points and requires a reduction only
in the objective function. On the other hand, with the simulta-
neous approach, the line search requires a trade-off between
reducing infeasibility and the objective function. This is done
either through a penalty-based merit function or through the
filter method.3? Balancing these trade-offs is not always clear,
especially with nonlinear and poorly scaled constraints, and
therefore small line search steps and slow convergence can
result. Finally, with the barrier NLP approach the line search
step size is first determined to keep the variables within the
bounds. This can lead to a further truncation of the line search
step and may lead to even slower convergence. An example of
this can be seen in the Maratos effect.3*

Because of these characteristics, the quasi-sequential ap-
proach does not suffer the line search difficulties associated
with highly nonlinear and poorly scaled constraints. However,
this advantage comes at the expense of additional Newton
iterations for the constraints; assessing these benefits is there-
fore often dependent on the application. Nevertheless, if the
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constraint functions are easy to converge with Newton itera-
tions, then the quasi-sequential approach may have a signifi-
cant advantage over the simultaneous approach.

We illustrate this behavior with the following example.
Consider a two-dimensional equality constrained optimization
problem:

min flx, y) = (x — 5)* +)? (42)
st. c(x,y)=y—x=0 (43)

In the sequential approach, the variable x is regarded as the
control variable. In the simultaneous approach, likewise, the
variable x is regarded as the independent variable that occupies
the null space. We solved the problem by both the simulta-
neous approach according to the algorithm described in Biegler
et al.” and the quasi-sequential approach. The initial point is set
at (—1.0, —1.0). The solution point should be at (1.056, 1.178).
The solution paths of both approaches are presented in Figures
2a and 2b.

From Figure 2a, because the sequential approach is a feasi-
ble-path method, the solution points (“best” vertex) always
move on the equality constraint curve (solid line). The simul-
taneous approach is an infeasible path method; the points will
be away from the curve of the equation. In Figure 2b, surface
A shows the value of the equation ¢ = y — x°; the plane B
intersects surface A when the equation ¢ = y — x*> = 0. The
search space of the sequential approach is limited to the curve
that is the intersection line between A and B, whereas the
search space of the simultaneous approach is on surface A.
Therefore the value of c(x, y) strongly affects the solution path
in the simultaneous approach. The step size of the iterations by
the quasi-sequential and simultaneous approaches is shown in
Figure 3. In Figure 3, the quasi-sequential approach is called
QS for short and the program package IPOPT?? is used for the
simultaneous approach.

To further illustrate the consequences of the solution path,
we consider another simple example problem

1
min f(x, y) = 5 (*+y%) (44)

1
s.t. c(x,y)=)7y—b20 x,y=0 (45)

Starting from the point (1, 1/b), which satisfies the constraint
45 the computational performance for this problem is shown in
Table 1. Because the computation time is negligible for this
simple problem, only the iteration numbers required are given
in Table 1.

In Table 1, IPOPT?? is an interior point simultaneous algo-
rithm for large-scale nonlinear optimization, and its package is
released under the Common Public License (CPL). When im-
plementing the IPOPT package, we choose the reduced space
option to generate the search direction, follow the Augmented
Lagrangian line-search method, and use symmetric rank one
update (SR1) to approximate the reduced Hessian. Full Space
SQP, which is an active set QP solver from Schittkowski,?3
means that the problem is solved directly by the SQP subrou-
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Figure 2. Solution paths of the optimization problem ex-
pressed in Egs. 42 and 43: (a) in 2D and (b) in
3D.

tine (without any decomposition). Table 1 shows that the
quasi-sequential approach takes far fewer iterates compared to
the simultaneous approach and full space SQP. To discuss the
reason for this result, we consider an iterate at the feasible point
(X i) = (1, 1/D), and generate a search direction d;, = (d,, d,)
by solving the quadratic subproblem 10 for Eqgs. 44 and 45 with
a Hessian matrix approximation assumed set to identity at
iteration k.

Because

8l ) = A = | )
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Figure 3. Comparison of convergence paths for solving
the problem expressed in Egs. 42 and 43.

the quadratic subproblem takes the form

1 1 1
. _ _ R _ 2
mmdx+bdy+2dx+2dy

st. d.=—b-d

y

By solving this subproblem, we obtain

b —1
g [dx} N
o ld, | PPl
b* + 1)
which yields a new trial point
b —1 2
1 _
[xm] _ [xk] . [dx} _ 11 b+ 1 _ b+ 1
Yie+1 Vi dy E b —1 2b
b(b* +1) b+ 1

Thus the objective function and constraints at the new trial
point (X4, Y1) are

1 2
f(Xsrs i) = 2 (xiﬂ + yiﬂ) = P+l

1 b= (b*—1)?
X1 " YVier1 B 4b

c(Xps1s yk+|) =

If b = 1000, the value of the objective function f;,, and the
constraint ¢, , will be

Table 1. Iteration Number Required for the
Simple Problem 44-45

Quasi- Simultaneous Full Space
Sequential (IPOPT#*) SQP
b = 100 21 60 76
b = 1000 32 1324 869

*See Wichter.33

AIChE Journal

_:urwr: sun‘-a:.n )
T = 1uyh

© 400

Figure 4. Sketch map of the simple optimization prob-
lem expressed in Egs. 44 and 45.

S5 Yir) = 2.0 X 107° c(Xpe1s Yir1) = 2.5 X 10°

whereas f(x;, y,) = 0.5 and c(x, y,) = 0.

Note that, although the objective function decreases signifi-
cantly, the constraint violation increases dramatically over this
step. Even if b = 100, the constraint violation is also very high
[that is, c(X; 1, Vi y) = 2.5 X 10°]. In Figure 4 we illustrate the
case that when the trial point lies near the solution point, the value
of constraint (c) will be high. In this case, the trial point will not
be accepted in the line search step and small step sizes are likely
to be calculated even in the neighborhood of the optimum (that is,
the Maratos effect). In contrast, the equality constraints are not
included in SQP in the quasi-sequential approach and the merit
function for line search consists solely of the objective function.
The information of the convergence paths is shown in Figure 5
with respect to b = 100. Here SIM means the full space SQP.
Figure 5 shows that the quasi-sequential method takes larger step
sizes and this leads to fewer SQP iterations.

Finally, we examine the convergence properties of the two
approaches. The convergence analysis given in Biegler et al.>*

I
1 ih
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—e— Stepsize-QS
[ —8— Stepsize-SIM
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2 —a— Stepsize-IPOPT
o4 |
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o L _ . o [T
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Figure 5. Comparison of convergence paths for solving
the problem expressed in Eqgs. 44 and 45.
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Figure 6. CSTR example.

shows that the reduced Hessian of the simultaneous approach is
of a Q-superlinear rate of convergence for equality constrained
problems. As for the quasi-sequential approach, it is equivalent to
solving an unconstrained quadratic optimization problem. Further-
more, according to Nocedal and Wright,3* the quasi-Newton SQP
method normally is Q-superlinearly convergent. It can be con-
cluded that these two approaches are well matched in terms of the
convergence rate as long as full steps are taken in the line search.
However, as seen above and also in the numerical experiments
below, the quasi-sequential approach often leads to larger steps in
the line search, although this comes as a trade-off with repeated
solution of the DAEs in the quasi-sequential approach. Here the
number of Newton iterations, Num, could be regarded as the
comparison criterion between the quasi-sequential and the simul-
taneous methods. If Num is large, the quasi-sequential approach is
not fit for solving such problems, and the simultaneous approach
is more suitable. On the other hand, when the discretized DAE
constraints are relatively easy to converge with Newton’s method,
as is often the case of optimal control problems, such problems
can be solved more efficiently with the quasi-sequential approach.

Numerical Experiments

A FORTRAN package has been coded to carry out the
implementation of this approach. With the discretization of the
DAE system, the Newton algorithm is used to solve the non-
linear algebraic system. The SQP subroutine DNCONG in the
IMSL Library3' is used as the NLP solver for the quasi-
sequential approach. In this section we present two process
examples to show the effectiveness of the quasi-sequential
approach. The first one is a continuous stirred-tank reactor
(CSTR). The other one concerns the optimal operation for a
heat-integrated distillation column system.

Table 2. Parameters of the CSTR

F, 100 L/min E/R 8750 K

T, 350 K U 9156 Wm 2 K™!
Co 1.0 mol/L p 1 kg/L

R 0.219 m C, 0239) g 'K™!
K, 7.2 X 10" min~! AH —5.0 X 10* J/mol
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Figure 7. Optimal outlet flow and coolant temperature
profiles.

Optimal control of a CSTR

A CSTR is considered as shown in Figure 6 An exothermic,
irreversible, first-order reaction A — B occurs in the liquid
phase and the temperature is regulated with external cooling.
This example is taken from Henson and Seborg?> or Pannoc-
chia and Rawlings3¢ with the assumption that the liquid level is
not constant. Mass and energy balances lead to the following
highly nonlinear state model

T e (40)
dc  Fylcy— c) E
ar T wen R\ T er “47)
dr _F(Ty=T)  —AH, E\, 20
dt wrth * pC, o€ EXP\ T kT * rpC, (. =7
(48)

The controlled variables are the level of the tank 4 and the
product concentration c¢. The third state variable is the reactor
temperature 7. The manipulated variables are the outlet flow
rate F and the coolant liquid temperature 7,. Moreover, it is
assumed that the inlet flow F|, or the inlet concentration ¢, acts
as a disturbance. The model parameters in nominal conditions

088 | 0.905 ~
- 0.900 =
0.66 Tank level h ' s
e PN Tttt Molar concentration ¢ 0.895 =
= " : 0.890 =
= =
E 0.885 =
2 0.62 g
X 0.880 &
E Q
g5 06 0.875 &
= o
7 0870 &
0.58 - E
- 0.865 =

0.56 0.860
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Time (min)

Figure 8. Profiles of controlled variables.
Tank level & and molar concentration c.
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Table 3. Performance of Different Approaches
to the CSTR Problem

Simultaneous Full Space SQP

Disturbance ¢,  Quasi-Sequential (IPOPT) [Iter/ (IMSL) [Iter/

(mol/L) [Iter/CPU (s)] CPU (s)] CPU (s)]
No. 1 1.00-1.01 11/2.56 105/5.93 63/1481.50
No. 2 1.00-1.02 14/3.36 106/6.41 70/1628.74
No. 3 1.00-1.03 13/3.31 109/6.91 76/1732.02
No. 4 1.00-1.04 14/3.55 111/7.03 84/1962.58

are given in Table 2. The desired steady-state operating point is
defined as follows: 2* = 0.659 m, ¢’ = 0.877 mol/L, T° = 324.5
K, F* = 100 L/min, and 7. = 300 K.

It is assumed that at + = 10 min a disturbance enters the
plant, at a level of 0.05 mol/L on the inlet molar concentration
¢o- Here the objective is to minimize the offset caused by the
disturbance by controlling outlet flow rate F and the coolant
liquid temperature 7. over a time horizon of 7, = 50 min. The
problem is formulated as follows

min J’” [(h — ) + 100(c — ¢*)?

0

+0.1(F— F*)* + 0.1(T. — T°)*)] (49)
s.t. DAE model Eqgs. 4648 (50)

0.5=h=250m 0.80 = ¢ = 1.0 mol/L (51)

85 =F =115 L/min 299 =T.=301 K (52)
Here we divide the time horizon #, into 50 elements and
discretize the problem with three-point collocation in each
element. The two control variables are represented as piece-
wise constants. Thus there are 2 X 50 = 100 control variables
and 3 X 3 X 50 = 450 state variables after the discretization.
We initialize the controls with a constant outlet flow rate F
value of 100 L/min and a constant coolant temperature T value

of 300 K in each element. The algorithm converged in 16
iterations and 5.56 s of CPU time with a SUN Ultra 10 Station.
The objective function value at the optimal point is 0.906112.
The results are presented in Figures 7 and 8.

Now we compare the performance of both quasi-sequential
and simultaneous approaches. Because there is a large param-
eter K, = 7.2 X 10'° in the model Eqs. 47 and 48, there exists
a possibility that an infeasible path will cause a large violation
of the equality constraints. To see the performance of the
individual options introduced previously under this CSTR, the
disturbance (that is, the inlet concentration c¢,) was varied from
¢y = 1.0 to 1.01-1.04 mol/L at time ¢ = 10 min. The compu-
tational results are listed in Table 3. The step sizes of the
iterations by different approaches are shown in Figure 9, where
the average number of Newton iterations required by the quasi-
sequential approach in the simulation at each element is also
given. It can be seen that the quasi-sequential approach takes
full steps more often and therefore fewer iterations are re-
quired. Thus, although more than three Newton iterations are
required for the simulation step, the total CPU time is much
lower.

In implementing the quasi-sequential approach and the si-
multaneous approach (using the IPOPT package), the bounds
(lower bounds = 0 and upper bounds = 10°) are imposed only
on control constraints. The results presented in Table 3 show
that the quasi-sequential approach requires less computational
cost. Also, because the full space SQP takes no advantage of
sparsity, the CPU times are considerably higher. Nevertheless,
the iteration numbers are still worth comparing.

To compare the performance of problem solutions with
inequality constraints, we assume that the inlet flow rate F, acts
as a disturbance and add all variable bounds as stated in Eqs. 51
and 52. As the disturbance is increased, the number of active
constraints will change. Table 4 gives the results for number of
active constraints in the first QP for different disturbances of
F,, in solving the problem with both approaches.

From Table 4 we see that as the number of active constraints
is increased, the solution times by the quasi-sequential ap-
proach gradually increase, whereas the solution times by
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Figure 9. Comparison of convergence paths for solving the CSTR problem with disturbance ¢, = 1.00-1.04 mol/L.
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Table 4. Comparison of Quasi-Sequential vs. IPOPT under
Inequality Constraints

Disturbance F, Number of Active Quasi-Sequential IPOPT [Iter/

(L/min) Constraints [Tter/CPU (s)] CPU (s)]
100-106.5 0 13/3.03 107/10.82
100-107.5 13 14/3.22 106/11.29
100-108.5 25 16/3.75 106/10.68
100-109.5 35 15/3.65 105/11.00
100-110.5 44 24/5.88 102/10.45
100-111.5 51 18/4.87 99/10.15
100-112.5 59 Failure 101/10.13
100-113.5 65 26/8.57 101/10.11
100-114.5 65 24/8.34 101/9.93
100-115.5 70 32/11.03 101/9.97
100-116.5 73 35/12.01 103/10.17

IPOPT are almost unchanged. For the problem with less than
70 active constraints, from the perspective of CPU time, the
quasi-sequential approach is faster than IPOPT. Yet, as the
active constraints are increased, the IPOPT becomes faster than
the quasi-sequential approach. This conclusion accords with
the results presented in Ternet and Biegler.?” In addition, when
the disturbance of F, is 100-112.5, the quasi-sequential ap-
proach times out at intermediate step of DAEs solver, whereas
IPOPT solves it. The line search step sizes with different
approaches and the average Newton iteration numbers for
simulation are shown in Figure 10.

We should point out that the comparison is also affected by a
number of implementation details. In the quasi-sequential ap-
proach, we code the simulation algorithm ourselves. IPOPT uses
sparse Harwell routines to solve linear algebraic systems. The
convergence tolerance used to terminate the algorithm is thus
different by different ways. In particular, quasi-Newton methods
used with both approaches have a substantial impact on the
efficiency of the algorithm. It should be noted that IPOPT can also
exploit the use of exact second derivatives, thus leading to much
better performance. However, this effect was not considered here.
In conclusion, the results presented in this section indicate that the
quasi-sequential approach is well suited for problems containing a

moderate number of active constraints. For problems with many
active constraints, the interior-point method with the simultaneous
approach seems to be more effective.

Heat-integrated distillation column systems

In this example, we consider a pilot heat-integrated distillation
system consisting of a high-pressure and a low-pressure column,
both with a diameter of 100 mm, to separate a mixture of water
and methanol. The columns have a central down-comer with 28
and 20 bubble-cap trays, respectively. The overhead vapor from
the high-pressure column (HP) is introduced as the heating me-
dium to the reboiler of the low-pressure column (LP). The reboiler
duty of HP, reflux flow rate of both HP and LP, and feed flow rate
of HP are the manipulated variables to be optimized for minimiz-
ing the reboiler duty consumption.

A rigorous tray-by-tray model is used to model the process. The
equations of each tray consist of three parts: (1) mass and energy
balances; (2) phase equilibrium equations; and (3) tray hydraulics
relations, which lead to an index one DAE system. The heat
capacity of the metal of the column wall and the tray elements are
considered in the enthalpy balance. The vapor-liquid equilibrium
is described by the Wilson and Antoine equations. The equilib-
rium state is corrected by Murphree tray efficiencies of stripping
and rectifying sections. The tray hydraulics is modeled with the
Francis—Weir formula to correlate the tray holdup with the liquid
flow. The tray pressure drop is calculated by the gas and liquid
fluid hydraulics based on the tray geometric size. As a result, a
complex large-scale DAE system is formulated with 468 state
variables and the same number of corresponding equations. A
detailed model explanation can be found in Lowe3® and Wendt et al.!!

For such a continuous process we consider dynamic operation
attributed to considerable disturbances from feed flow rate and
composition. The aim of the optimization is to develop operation
policies of the manipulated variables to minimize the reboiler
duty, that is, the total energy consumption. Certainly, the compo-
sitions of distillate and bottom should satisfy the product specifi-
cation. A large-scale dynamic optimization problem is formulated
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Figure 10. Comparison of convergence paths for solving the CSTR problem with disturbance F, = 100-110.5 L/min.

266 January 2006 Vol. 52, No. 1

AIChE Journal



6 Feed flow rate HP

LUy ——

M e
Reflux flow rate LP

3,—'_—“'1_1—1_r—|_|—|_r—|_,—|_]_"—1_,_

3

Flow rate (m /s)
EN

Reflux flow rate HP

1 L L i L TR R L L L ' L
0123 456 7 8 91011121314151617181920
Time intervals
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i
minj o' dt (53)
0
s.t. DAE model equations. 54)
Wexp  WEap W=k A=
(55)

HP HP HP
Lmin =L (Z) = Lmax

Loy =L"() =Ly, (56a)

Frn =F"(0) = Foe  Onin=0""(1) = O,

(56b)
where Q" is the reboiler duty of HP and x%, and x% are the
distillation and bottom purity specifications, respectively. In
this formulation, Eq. 53 represents the objective function, Eq.
54 is a large set of equality constraints, Eq. 55 consists of a set
of path inequality constraints of state variables, and Eq. 56
describes the limitations of control variables.

For the pilot column system, we define the length of time
horizon as #, = 5 h, then divide the time horizon into 20
subintervals. The three-point collocation is used to approxi-
mate the state variables and the control variables are repre-

sented as piecewise constant in each element. After the dis-
cretization we have (n — m) = 4 X 20 = 80 control variables
and m = 3 X 468 X 20 = 1044 X 20 = 28,080 state variables
in the optimization problem. With the quasi-sequential frame-
work, only the control variables and the inequality constraints
are included in the optimization layer, whereas the state vari-
ables are solved through solution of the model equations in the
simulation layer. For the dynamic optimization of the pilot
plant, we consider large oscillating disturbances of the feed
composition, as shown in Figure 11. With these disturbances,
the product purity specification should be satisfied and, mean-
while, the reboiler duty should be minimized. Both the distil-
late and bottom specifications, x%, and x%, are set to 0.99. The
algorithm converged in 10 iterations with 21.50 min of CPU
time. The optimization results are shown in Figures 11 and 12.

Conclusions and Future Work

We presented and analyzed a new approach, called a quasi-
sequential approach, which is demonstrated to be efficient and
well suited for large-scale problems with path constraints. In
this approach, only the control variables have to be treated by
the NLP solver and the state variables are eliminated in the
simulation step by discretizing both the control and state vari-
ables. The quasi-sequential approach is well suited for solving
large-scale optimal control problems in which the initial state
usually is near the solution point, such as in disturbance rejec-
tion in process control. This is especially the case for highly
nonlinear large-scale problems where the dynamic model equa-
tions may be violated by large values during the course of
solution by the simultaneous approach. Moreover, unlike the
simultaneous approach, the quasi-sequential approach does not
require large-scale NLP algorithms. Instead, small-scale NLP
solvers, which often include robust QR factorizations in the QP
step, can be applied. We summarize the features of these
different approaches in Table 5.

The quasi-sequential approach has its limitations in that the
solution step might be infeasible at an intermediate trial point
while solving an unstable system, just as in the sequential
approach. Moreover, it is not effective for problems with many
active constraints, such as the most active-set method for
inequality constrained optimization. Finally, incorporating the

1.002 -
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Table 5. Comparison of Properties of Dynamic Optimization Approaches

Simultaneous

Quasi-Sequential

Sequential

Full discretization of all the variables of DAE

Model equations are solved only once at the
optimal point

Infeasible path method; the intermediate
results are not useful

Requires large-scale NLP solvers

Easy-to-handle state variables path constraints

Easy-to-handle unstable modes

results are useful

Full discretization of all the variables of DAE
Model equations are solved at each iteration

Feasible path method and the intermediate
Allows small-scale NLP solvers

Easy-to-handle state variables path constraints
Difficult-to-handle unstable modes

Only the control variables are discretized
Model equations are solved at each iteration

Feasible path method and the intermediate
results are useful

Allows small-scale NLP solvers

Difficult-to-handle states path constraints

Difficult-to-handle unstable modes

quasi-sequential approach with the interior point method to
handle inequality constraints remains an interesting topic for

fu

rther research.
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